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@ Most of the basic definitions will be introduced.

Entropy, Joint Entropy, Conditional Entropy, Relative

Entropy, Mutual Information, etc.

@ Relationships among basic definitions.

Chain Rules.
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What is Information?

@ To have a quantitative measure of information contained in an

event, we consider intuitively the following:

o Information contained in events should be defined in terms of

the uncertainty/probability of the events.

o Monotonous: Less certain (small probability) events should

contain more information.

o Additive: The total information of unrelated/independent
events should equal the sum of the information of each

individual event.
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Information Measure of Random Events

A natural measure of the uncertainty of an event A is the
probability Pr(A) of A.

To satisfy the monotonous and additive properties, the information
in the event A could be defined as

I(A)self—info = - Iog PF(A).
If Pr(A) > Pr(B), then I(A) < I(B).
If A, B are independent, then /(A + B) = I(A) + I(B).
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Information Unit

log, : bit
log, : nat
log;, : Hartley
log, X
log, X :@ = log, b - log, X
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Average Information Measure of a Discrete R.V.

X1,X2, -+ ,Xq : Alphabet X (realizations) of discrete r.v. X

p1, P2, -, Pq : Probability

The average information of the r.v. X is

)= p Iog(,j_),
i=1 !

where Iog% is the self-information of event X = x;.
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Entropy

The entropy of a discrete random variable X is given by

HX) = 3 p(x)lo

oA C)
= —XE;( p(x) log p(x)
= €8 5557

By convention, let 0log0 = 0 since xlogx — 0 as x — 0.
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Hp(X) = (logp a)Ha(X).

Since log, p = log alog,, p. O
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Entropy: An Example

Let 50— 1, with probability p
B 0, with probability 1 — p.
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FIGURE 2.1. H(p) vs. p.
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Joint Entropy

The joint entropy H(X, Y) of a pair of discrete random variables
(X, Y) with a joint distribution p(x, y) is

=Y p(x,y)log p(x, y)

xeX yeY
= —Elogp(X,Y).

If X and Y are independent, then

HX,Y) =" > p(x)p(y) log p(x)p(y)

xEX yeY
==>"> " p(x)p(y)logp(x) = >_ > p(x)p(y)log p(¥)
XeEX yey XEX yEY
= H(X p(x)H(Y)
yezy P )+><€ZX i PR ETEY 4
= H(X)+ H(Y).

Dr. Rui Wang (EEE) INFORMATION THEORY & CODING September 14, 2021 10 / 25



Conditional Entropy

o If (X,Y) ~ p(x,y), the conditional entropy H(Y|X) is

HYIX) = 3 pO)H(YIX = x)
xXeX

== " p(x)>_ p(ylx)log p(y|x)

xeX yey

- Z Z p(x,y)log p(y|x)

xeX ye)y
= —Elogp(Y|X).
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Chain Rule

Theorem 2.2.1 (Chain Rule)

H(X,Y) = H(X) + H(Y|X).

The joint entropy of a pair of random variables = the entropy of
one + the conditional entropy of the other.

= > > p(x,y)logp(x,y)

XEX yeY
== p(x,y)log p(x)p(y|x)
XEX yeY
722 (x,y)log p(x) — ZZ p(x,y)log p(y|x)
xEX yeY xEX yeY
== p(x)logp(x) = > > p(x,y)log p(y|x)
xeX x€X yey

= H(X) + H(Y|X)
R L
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Chain Rule

Theorem 2.2.1 (Chain Rule)

H(X,Y) = H(X) + H(Y|X).

H(X,Y|Z) = H(X|Z) + H(Y|X, Z).

Proof ?
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Example

Example 2.2.1

Let (X, Y) have the following joint distribution:

X
Y 1 2 3 4
1 1 1 1
13 16 k7 k7]
1 1 1 1
2l 1 3 ) E5)
| | | |
3 1 16 16 16
4] 3 0 0 0

What are H(X), H(Y), H(X,Y), H(X|Y), and H(Y|X)?

1
H(X) = Zbits, H(Y) = 2bits, H(X| V) = ¢ bits,
AsHut

13 27
H(Y|X) = 2 bits, H(X, V) = “bits.
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Relative Entropy

@ The entropy of a random variable is a measure of the amount

of information required to describe the random variable.

@ The relative entropy D(p||q) is a measure of the distance
between two distributions. We need H(p) bits on average to
describe a random variable with distribution p, and need
H(p) + D(pl|q) bits on average to describe a random variable

with distribution g from the distribution p point of view.
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Relative Entropy

@ The relative entropy or Kullback-Leibler distance between two
probability mass functions p(x) and g(x) is defined as

D(pllq) =D _p(x |og

xXEX
p(X )
q(X)’

= E,log

By convention, Olog% =0, Olog% =0 and plog 5 = oo.
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Relative Entropy

o D(pllq) = D(qllp) 7

Example 2.3.1
Let X = {0,1} and consider two distributions p and g on X. Let
p(0)=1—r, p(1)=r, and let g(0) =1 —s, g(1) =s. Then

1—r r
D(pllg) = (1 —r)log T T rleg

1—s S
D(gllp) = (1 — s)log T— + slog —.

In general, D(pl|q) # D(qlp)!
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Mutual Information

Definition

Consider two random variables X and Y with a joint probability
mass function p(x, y) and marginal probability mass functions p(x)
and p(y). The mutual information I(X; Y) is the relative entropy
between the joint distribution and the product distribution
p(x)aly):

ZZ (x,y)log ((’)

o )p(y)

= D(p(x, y)|lp(x)p(y))

_ p(X. V)
~ 5 B pX0p(Y)

’
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Relationships

Theorem 2.4.1 (Mutual information and entropy)

I(X;Y) = H(X) = H(X]Y)
I(X; Y) = H(Y) — H(Y|X)
I(X; Y) = H(X) + H(Y) — H(X, Y)

)=
)=
1(X;Y) = 1(Y; X)
I(X; X) = H(X)
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Relationships

e Mutual information and entropy

H(X,Y)

H(X) H(Y)
A MBLYy
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Chain Rules

Theorem 2.5.1 (Chain rule for entropy)

Let X1,X2,...,X, be drawn according to p(xi,x2,...,xn). Then

H(X1, X, Xn) = > H(Xi|Xi—1, ..., X1).
i=1

Proof.
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Chain Rules

The conditional mutual information of random variable X and Y

given Z is defined by

I(X; Y|Z) = H(X|Z) — H(X|Y, Z)
p(X,Y|Z)

= Botra) 18 V0 (Y12)

Theorem 2.5.2 (Chain rule for mutual information)

n
(X0, Xay o, X Y) =D 1(Xi Y[ Xio1, Xiza, -, Xa).
i=1
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Chain Rules

Definition

For joint probability mass functions p(x, y) and g(x,y), the
conditional relative entropy D(p(y|x)||q(y|x)) is the average of the
relative entropies between the conditional probability mass
functions p(y|x) and g(y|x) averaged over the probability mass
function p(x). More precisely,

D(p(y|x)|la(y|x)) = ZP )D_plylx)log 813
p(Y|X)
p(x.y) 108 q(Y|X)
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Chain Rules

Theorem 2.5.3 (Chain rule for relative entropy)

D(p(x,y)lla(x,y)) = D(p(x)|la(x)) + D(p(y|x)lla(y|x)) |

D(p(x, y)llqa(x,y))

_ X (o] p(X,}/)

_ZX:Zy:p( ,y)log (x,y)

- . p(x)p(y[x)

= 2. 2 Ply) o8 Gat
G s S

= D(p(x)lla(x)) + D(p(y[x)lla(y[x))
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Reading & Homework

Reading: Chapter 2.1 - 2.5

Homework: Problems 2.1, 2.2, 2.3, 2.4
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